Large-amplitude electromagnetic waves in relativistic plasmas
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The propagation of linearly polarized large-amplitude electromagnetic waves in relativistic plasmas is studied in the framework of the Akhiezer-Polovin model. Different forms of the basic equations are reviewed and important solutions are presented for small and critical plasma densities. The
well-known periodic solutions are generalized to quasiperiodic solutions taking account of additional
electrostatic oscillations.
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INTRODUCTION

In the last decade the interaction between laser pulses
of relativistic intensities and matter has become a field
of growing interest. The introduction of modern laser
systems with intensities above the relativistic intensity
threshold of roughly 1018 W/cm2 opened the door to a
regime in which electrons at the laser focus oscillate at
relativistic velocities [1]. Generally, the first part of an
ultra-intense pulse ionizes a material, so that the propagation of the rest of the pulse takes place in a plasma.
The relativistic nonlinearities in the laser-plasma interaction and the violation of the plasma local charge neutrality lead to a whole bunch of new phenomena, like selffocussing and self-modulation [2, 3], filamentation [4, 5],
higher harmonics generation [6] and particle acceleration
[7–10] as well as pulse compression and attosecond pulse
generation [11–14].
In this work, the problem of plane linearly polarized
ultra-intense electromagnetic waves in cold plasmas is
studied in the framework of the Akhiezer-Polovin model.
This model is completely relativistic and allows one to
study the propagation properties of waves from small up
to ultra-large intensities in detail. Although it is a plane
wave model it can also approximately be used for the
description of sufficiently long pulses. Of special interest
is the nonlinear coupling between transverse electromagnetic and longitudinal electrostatic modes. This coupling
yields either periodic or quasiperiodic waves.
Periodic waves result if the the longitudinal component oscillates with a multiple of the laser frequency ω.
A well-known periodic solution is the figure-eight trajectory of a single relativistic electron in an electromagnetic wave. Most previous work on the Akhiezer-Polovin
model focused on periodic waves [15–24]. However, periodic waves exist only for properly adjusted initial conditions. For general initial conditions an additional electrostatic oscillations is excited. Physically, such an oscillation is induced by the relativistic light pressure (or
the Lorentz-force) of the laserbeam at the plasma interface. The characteristic frequency of the electrostatic

oscillation is the plasma frequency ωp . The result of the
nonlinear coupling of the electromagnetic wave to this
electrostatic oscillation is a quasiperiodic wave. Because
the two frequencies ω and ωp are generally incommensurable the wave is no longer periodic and the electron
orbits are in general non-closed [25, 26]. In this work, the
Akhiezer-Polovin model of electromagnetic wave propagation in relativistic plasmas will briefly be reviewed and
recent extensions to the quasiperiodic regime will be discussed.
Throughout this work dimensionless quantities are
used. Time, coordinates and electromagnetic potentials
are normalized with 1/ω, c/ω and me c2 /e, respectively.
In addition, the electron density n is normalized with the
density n0 of the ions at rest.

BASIC EQUATIONS

The basic equations for the investigation of the propagation of plane electromagnetic waves in cold plasmas
have been introduced by Akhiezer and Polovin [15]. In
this model the electrons are treated relativistically, the
ions are assumed stationary, and thermal effects are neglected. The model equations follow from Maxwell equations and the relativistic equations of motion for a cold
electron fluid. Under the assumption of plane waves with
frequency ω, wave number k and a constant phase velocity vph = ω/k propagating in the x-direction all quantities depend only on the phase φ̂ = t − x/vph . In the case
of linear polarization in the y-direction the equations reduce to two nonlinear, coupled differential equations. In
the basic set of equations Akhiezer and Polovin use the
longitudinal and transverse electron momenta px and py
as independent variables [15, 16],
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where α = ωp2 vph
/(vph
− 1) is a constant, γ = (1 + p2x +
p2y )1/2 is the relativistic Lorentz factor, p = γv is the
dimensionless relativistic momentum, and primes denote
derivatives with respect to the phase. These equations
describe the full relativistic coupling between the transverse electromagnetic and the longitudinal electrostatic
oscillations. The equations are valid for arbitrary laser
intensities ranging from the non-relativistic up to the
ultra-relativistic regime. With this approach Akhiezer
and Polovin [15] investigated relativistic longitudinal oscillations and circularly polarized electromagnetic waves.
The latter obey the famous relativistic dispersion relation
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Furthermore, they briefly studied linearly polarized
waves, considering the lowest order vacuum solution as
well as a critical density solution. In the weakly relativistic regime Lünow [17] derived in addition a solution up
to the third-order in the amplitude. On the other hand
Kaw and Dawson [16] and Max and Perkins [18] focused
their attention to the almost-transverse solution at critical densities and derived a weakly relativistic as well as
an ultra-relativistic solution. In later work ion motion
was also included [27].
Another form of Eqs. (1) can be derived using the electromagnetic potentials Ay and ϕ instead of the momenta
[26]:
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The potentials can be related to the momenta by Ay =
py and ϕ = γ − vph px . Similar equations were used by
Sprangle et al. [21, 22, 28, 29] and later by Zhmoginov
and Fraiman [23] to investigate the generation of higher
harmonics in the transverse component for the case of
small plasma densities. In later work Borovsky et al.
also considered non-periodic solutions [26, 30, 31].
Instead of the momenta or the potentials as a function
of the phase φ̂ as in (1) or (2) it can also be convenient to
use Lagrangian coordinates as a function of the proper
time τ ,
η(τ ) = y − y0 ,
ξ(τ ) = x − x0 .
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For these variables the equations of Akhiezer and Polovin
can be transformed into a simpler set of equations [24]:
η̈ + αγη = α/vph ηpx ,
¨
ξ + ωp2 γξ = −α/vph ηpy ,
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where the dots denote derivatives with respect to the
proper time, and py = η̇ and px = ξ˙ are the momenta.
This set of differential equations corresponds to a system of coupled relativistic harmonic oscillators and the
fundamental symmetry between η and ξ is clarified. In
this form the solutions can easily be expanded and higher
order dispersion relations can be calculated for small and
critical plasma densities [24]. Similar equations were derived by Lünow [17] but were used only to investigate the
one-dimensional plasma oscillation (η = 0).
Another approach was first introduced by Winkles et
al. [32] and was later used extensively by Clemmow [33].
They considered a system S̃ moving with the velocity
−1/vph relative to the laboratory system. In S̃ the ions
are streaming with 1/vph . All quantities are then spaceindependent and the magnetic field as well as the density
modulation disappears. The only nonlinearity left is the
relativistic factor γ [33]:
d2
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All tilded expressions are connected with the laboratory
frame expressions by a Lorentz transformation. In many
cases the solution is simplified by this approach [19, 33].
Many results were summarized by Decoster [20]. Nevertheless, this system is not convenient in the case of a
vanishing plasma density since that implies vph → 1.
It should be noted, that all the different basic equations presented above are equivalent. They are all nonlinear and have to be solved self-consistently. Which set
of basic equations is most convenient depends on the specific problem. The solution for a set of basic variables can
be tranformed to other basic variables and to other reference frames. From a solution all other quantities like the
electron density n and the fields can be calculated. In
this work, all results are presented in terms of the potenials Ay and ϕ. Futhermore the phase φ̂ is normalized
√
√
by 1/ α, φ = αφ̂. The electron density, the particle
energy (Lorentz factor) and the longitudinal momentum
can then be calculated by
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In the following, the solutions of the Akhiezer and
Polovin problem are analytically and numerically investigated for small and critical plasma densities. For small
plasma densities the phase velocity vph is just a little
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greater than one. In this case the plasma frequency ωp
[24] or the small parameter,
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is an appropriate expansion parameter [26]. At the critical density the phase velocity vph approaches infinity,
but the wave number k of an electromagnetic wave approaches zero, k → 0. The latter applies also to the
parameter
s
1
(8)
κ=
2 − 1.
vph
This parameter is just the inverse of the small parameter
². For critical densities it is sometimes convenient to use
κϕ instead of ϕ as a variable because κϕ = −px + O(κ2 ).
In the subsequent analysis without loss of generality the
initial condition Ay = 0 at φ = 0 is used.
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FIG. 1: Periodic eight-like trajectory for small plasma densities. (² = 0.1, ϕ(0) = 2.34, A0y (0) = −1.96, i.e. a0 = 3).
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For periodic solutions the plasma electron trajectories resemble at small plasma densities the famous closed
eight-like vacuum trajectory (Fig. 1). The plasma density induces just a small correction to the vacuum solution because for periodic solutions no electrostatic oscillation is excited. An expansion up to order ²4 yields the
result (eight-like solution)
Ay = −a0 sin(f )
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where f = φ/ hγi, ϕ0 = hγi = 1 + 12 a20 and a4 is a
higher order correction to the sin(f )-component. This
expansion generalizes our previous result [24] by one further order in ²2 . The corrections comprise the generation of higher harmonics [22, 29] but also corrections to
the fundamental oscillation.
The expansion parameter ²
p
is proportional to ωp / hγi, which is the effective relativistic plasma frequency. A dispersion relation for this
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FIG. 2: Periodic solutions near the critical density (κ = 1/² =
0.05 and a0 = 3), left: almost-transverse eight-like trajectory
(κϕ(0) = 0.114, A0y (0) = −1.96), right: circle-like trajectory
(κϕ(0) = −2.78, A0y (0) = −1.73).

solution can be calculated from the constraint that the
solution is 2π-periodic in the phase φ̂ [24].
For near critical plasma densities, on the other hand,
there exist two important classes of periodic solutions.
The first class comprises the almost-transverse eight-like
solutions [15, 16, 18, 19]. The second class consists of
circle-like solutions which are however still linearly polarized in the plane perpendicular to the propagation direction [15, 24] (Fig. 2).
The almost-transverse eight-like solution is a direct
generalization of the small density solution (9). Numerical investigations indicate that an eight-like solution exists for every plasma density from small up to critical
densities. However, for critical plasma densities analytic
solutions are only known for the ultra-relativistic limit
[18] and for the weakly relativistic limit [16]. In terms of
the potentials the weakly relativistic solution can in the
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lowest order be summed up as
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The resulting trajectory is very narrow in comparison to
the small density case.
The circle-like solutions of the second class result from
a different coupling of the longitudinal and the transverse
mode. For this solutions both Ay and ϕ oscillate at the
fundamental frequency. A calculation up to the order κ
yields the result [24]
a20 hγi
sin(2f ), (11a)
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where again f = φ/ hγi, but this time hγi = 1 + a20 .
At a first glance, it seems that the circular solution has
nothing in common with the eight-like solution. However,
in [24] it has been shown that for intermediate plasma
densities there is a transition point from the circular solution to the eight-like solution where the longitudinal
motion changes from the fundamental to the second harmonic. For small plasma densities there is only the eighlike solution left.
Ay = ∓a0 sin(f ) ∓ κ

QUASIPERIODIC WAVES

As disussed in the introduction, for each periodic solution (9)-(11) the initial condition of Ay and ϕ is properly adjusted (i.e. ϕ(0)0 = 0 and ϕ(0) depends on the
laser amplitude a0 ) so that no electrostatic oscillations
are excited. Quasiperiodic solutions are obtained if the
restriction on the initial conditions is dropped. As a consequence, an additional electrostatic oscillation is coupled with the electromagnetic wave. The solution is no
longer purely harmonic and the spectrum contains also
side bands shifted by the plasma frequency.
For small plasma densities the laser frequency ω differs
greatly from the plasma frequency ωp . As depicted in
Fig. 3 the electron trajectory now resembles the periodic
vacuum figure-eight motion superposed by the additional
electrostatic oscillation. The eight-like trajectory is most
clearly seen at the turning points of the longitudinal motion. Due to the nonlinear coupling the amplitude and
the frequency of the electromagnetic wave are modulated
within a plasma period. These effects are known as amplitude and frequency self-modulation. However, in this
density regime no mode conversion occurs, i.e. the amplitude of the electrostatic wave is constant.
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FIG. 3: Quasiperiodic solution for small plasma densities.
The eight-like trajectory is coupled with an additional electrostatic oscillation. The amplitude and the frequency of the
electromagnetic wave are modulated within a plasma period.
(² = 0.1, ϕ(0) = 3.75, A0y (0) = −1.96).

For small plasma densities Borovsky et al. [26, 30] used
a two-time-scale-method to separate the electromagnetic
and electrostatic components. Thereby, it is assumed
that all quantities depend on a slowly varying phase s =
²φ and a quickly varying phase f separately. The first
one describes the time dependence of the electrostatic
oscillation and the last one the time dependence of the
electromagnetic wave. The relation between f and s is
described by an unkown nonlinear function µ(s),
Z
1 s
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µ(s) ds.
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² 0
This approach leads in the lowest order to the result
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where a2 (s) can be calculated from the elimination of
higher order secular terms [26, 30] and ϕ2 (s) is the next
order slowly varying contribution to ϕ(s, f ). For this solution the initial condition of A0y and ϕ can be choosen
independently. The solution accounts in the lowest order
for the effect of frequency modulation (time dependent
electromagnetic frequency µ(s)) and amplitude modulation (slowly varying electromagnetic amplitude a(s)).
The coupling between the electrostatic and the electromagnetic wave is expressed by the constants g. In all expressions the electrostatic and electromagnetic timescales
are strictly separated. The special case of periodic solutions (9) is obtained if one demands ϕ0 = const. and
ϕ2 (s) = 0, which yields
q
g =
ϕ0 =

−1/4

r

2(ϕ20 − 1)ϕ0
1
1 + a20 .
2

,

(14a)

η

1

0

-1
-1

0

1

ξ

κϕ
Ay

0

(14b)

For quasiperiodic and periodic solutions the expressions
for the highest harmonics coincide. The difference is that
for the quasiperiodic case the coefficients are slowly time
dependent, ϕ0 = ϕ0 (s).
Near the critical density there exist many different
types of quasiperiodic solutions. Due to the strong coupling it is generally not possibel to approximately separate a solution into a periodic wave and an electrostatic oscillation. Furthermore, the modulation is found
to be completely different from the modulation for small
plasma densities [31]. Now, the laserfrequency ω and the
plasma frequency ωp are nearly equal. The coupling leads
for small finite κ to a beating between the frequencies.
But even for κ = 0 the nonlinear coupling can result in an
amplitude self-modulation. While the amplitude modulation is large, the frequency and density modulation are
quite small.
In a recent work we analyzed the situation of slightly
disturbed periodic solutions [31].
This subclass of
quasiperiodic solutions results if the initial condition is
a small deviation from the initial condition of the exact
periodic solutions (10) and (11).
For the eight-like solution the perturbation yields a
surprisingly effective mechanism of mode conversion.
Thereby, over time the initially small longitudinal component greatly increases and the solution completely
changes its form. The almost-transverse wave is periodically converted into an almost-longitudinal wave (Fig. 4).
For efficient mode conversion the propagation distance
can be adapted to one half of the modulation period.
Nearly periodic circle-like solutions, on the other hand,
are stabilized by intrinsic mode coupling. The pertubation induces merely a small amplitude modulation, but
the character of the solution is conserved. The trajectory
is still circle-like (Fig. 2), but fills out an annulus of finite
width.
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FIG. 4: Quasiperiodic solution for an initially small deviation
from the almost-transverse eight-like solution near the critical
density. The perturbation results in a large mode conversion.
(κ = 1/² = 0.05, κϕ(0) = 0.116, A0y (0) = −1.96).

CONCLUSIONS

In conclusion, analytic solutions of relativistic wave
propagation in plasmas can be gained by investigation
of the Akhiezer-Polovin model. Thereby, the relativistic nonlinearities of high intensity laser matter interaction are completely taken into account. The model has
been formulated in different equivalent forms that are
suitable for different expansion regimes. Periodic and
quasiperiodic waves have been obtained for small and
critical plasma densities and fundamental properties have
been discussed. Previous results have been generalized
and novel solutions for relativistic mode conversion in
nearly critical density plasmas have been presented.
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